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This study deals with the analytical and numerical solutions of the heat source term
because of microwave heating for high and low dielectric materials in 1D and 2D con-
figurations. The authors compare closed-form expressions dedicated to microwave
power calculation to numerical simulations. A comprehensive and accurate analysis of
the microwave power reflected from the surface of the sample is also carried out dur-
ing microwave heating. The influence of sample length is studied using an original nu-
merical procedure. The study highlights that 1D closed-form expressions can be
extended to 2D configurations in the case of sufficiently high dielectric properties.
Examples of heating rate during 2D microwave heating in TE10 mode are finally
presented. VVC 2009 American Institute of Chemical Engineers AIChE J, 55: 1569–1583, 2009
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Introduction

In many industrial processes, microwaves can be used as
heat source because of their ability to considerably shorten
the heating process. The most important applications concern
food tempering, baking and cooking, the pasteurization, the
drying, the preheating for rubber vulcanization, and also the
processing of polymers or minerals.1 The temperature distri-
bution inside materials heated by microwaves depends on
their dielectric properties, which influence the distribution of
the absorbed energy. The size and shape of the processed
material are also an important parameter. The complexity of
the heating pattern is particularly obvious within multicom-
ponent materials2,3 or when phase changes occur during the
process.4–6 The heterogeneity of temperature is indeed rein-
forced when the dielectric properties experience an abrupt
increase after a certain temperature rise, leading to thermal
runaway and the possible damage of products. To predict the

occurrence of such hot spots and to prevent it, it is necessary
to develop easy-to-use mathematical models.

Thermal modeling can be very useful to optimize micro-
wave processes; however, the heat source term calculation
remains the main difficulty. Regarding literature, microwave
heating can be modeled using two main approaches. The
simplest one is called ‘‘Lambert’s law’’ and assumes an ex-
ponential decay of the microwave absorbed power as a func-
tion of the penetration depth within the sample. This model
is valid for semi-infinite mediums or under specific operating
conditions.7–10 The most rigorous method is based on the
complete resolution of Maxwell’s equations, which govern
the propagation of the electromagnetic field. This approach
is the only one that describes the resonance phenomena
because of constructive interference of traveling waves
inside the medium. A great number of publications, includ-
ing numerical aspects of the resolution of such nonlinear
equations, are devoted to this issue.11–16 Despite the constant
increase of computational resources, this approach, coupled
with the resolution of the heat equation, remains very time-
consuming especially for 2D or 3D configurations. To reduce
the detrimental computational times and describe the
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complex behavior of samples submitted to microwave radia-
tions, it is interesting to develop semianalytical solutions of
the microwave absorbed power. Recently, a new approach
based on asymptotes and resonances of microwave power
proposed closed-form expressions for 1D propagation. Bhat-
tacharya and Basak17–19 developed a comprehensive analysis
on microwave power absorption and show that the heat
source pattern exhibits three distinct behaviors, which
depend on two major length scales, that is, the wavelength
and the penetration depth within the material.

Despite the usefulness of those 1D closed-form solutions,
it is also necessary to obtain more complex models dedicated
to microwave heating of 2D geometries.2,20 Based on the
closed-form solutions developed by Bhattacharya and
Basak,17,18 microwave heating of 2D sample submitted to
nonuniform waves cannot be directly modeled. Because of
the complexity of the 2D modeling, the coupling between
the electromagnetic field and the heat equation is performed
using a computational code, which solves numerically the
Maxwell’s equations. The COMSOL code has already been
used successfully to model 2D microwave heating, and nu-
merical results can be compared accurately to experimental
measurements.5

Before extending the problem to 2D configurations, the
first objective is to compare the closed-form expressions
with 1D numerical simulation. Then, the second objective is
to extend the validity of the closed-form expressions to 2D
configurations with only the a priori knowledge of the inci-
dent electromagnetic field. A numerical procedure is applied
to modify the sample thickness and to compare numerical
and closed-form solutions for microwave power calculation.

Besides, from an industrial point of view, it is very inter-
esting to know the efficiency of such a process. Therefore,
the analysis of the reflected microwave power from the sur-
face of the sample is also carried out.

Theoretical Aspects

Modeling of heat transfer during microwave heating

Heat transfer is based on the generalized heat equation,
which depends on thermophysical properties of the product,
as follows:

qCp
@T

@t
¼ div: krTð Þ þ Q: (1)

Into the general heat equation, Q denotes the heat source
term and quantifies the amount of power which is dissipated
within the product by dielectric losses.

To analyze the process of heat transport because of micro-
wave heating, the following assumptions are introduced:

Assumption 1. The product receives the electromagnetic
waves from the left surface.

Assumption 2. The product is surrounded by a medium
with zero dielectric losses (air)

Assumption 3. The product is homogeneous and iso-
tropic.

Assumption 4. The thermophysical and dielectric proper-
ties are constant.

Assumption 5. The mass transfer is negligible.
Assumption 6. Walls are perfectly insulated.

Assumption 7. The initial temperature T0 of the sample is
homogeneous.

Assumption 8. Heat transfers are not solved within air
surrounding medium because of dielectric characteristics
very close to vacuum.

Initial and Boundary Conditions. Convective coefficient
h ¼ 2 W m�2 K�1 is due to natural convective flux at the
left and right sides of the product.18 The initial temperature
is set to 300 K and the external temperature T1 within sur-
rounding medium is equal to the same value.18 Mathemati-
cally, the initial and boundary conditions can be written as:

T ¼ T0 at t ¼ 0; 8x8z
k
@T

@z
¼ h T � T1ð Þ at z ¼ 0; z ¼ L;8x

k
@T

@z
¼ 0 at x ¼ 0; x ¼ a;8z

8>>><
>>>:

: (2)

Modeling of microwave propagation

Within dielectric mediums without free charges and free
currents, the governing equations for a propagating electro-
magnetic wave in differential form are:

r�H ¼ @D

@t
¼ @eE

@t

r� E ¼ � @B

@t
¼ � @lH

@t

r:D ¼ r:eE ¼ 0

r:B ¼ r:lH ¼ 0

(3)

e is the complex permittivity and is defined as follows:

e ¼ e0er ¼ e0 er
0 � je00r

� �
(4)

er0 is the dielectric constant and er00 is the dielectric loss factor
with j2 ¼ �1. For nonmagnetic materials, the permeability l
may be represented by l0 ¼ 4p � 10�7 H m�1, the
permeability of vacuum.21

In Eq. 3, Maxwell’s equations relative to the electric field
propagation can be transformed in sum of linear terms
replacing derivative terms as a function of time. This form is
particularly useful in engineering problems where electric
and magnetic fields are time-variant fields following a har-
monic law, with a pulsation x ¼ 2pf, where f is the fre-
quency of the wave.

As a consequence, the governing equation for electric field
propagation is a Helmholtz equation depending only on
space coordinates.

r2Eþ x2l0e0erE ¼ 0: (5)

1D Microwave Propagation. For 1D configuration prob-
lems, a semi-infinite slab is exposed to a uniform plane elec-
tromagnetic wave with normal incidence from the left sur-
face (Figure 1).

The electric field within the dielectric sample has only
one component Ey that varies along z direction. Equation 5
can be simplified to:

@2Ey

@z2
þ x2l0e0erEy ¼ 0: (6)
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Initial and boundary conditions: Walls are perfect mag-
netic conductors to consider the propagation of a uniform
plane electromagnetic wave within a semi-infinite media.
The left surface of the sample is exposed to an incident elec-
tromagnetic wave. The microwave power flux at the left sur-
face can be expressed from the power of the microwave gen-
erator and the surface area exposed to radiations (S ¼ ab):

F0 z ¼ �1ð Þ ¼ Pin

ab
: (7)

The amplitude of the incident electric field is calculated in
air surrounding medium. The relation between the incident
microwave power and the amplitude of the electric field is22:

Ein z ¼ �1ð Þ ¼ E0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4Z0Pin

ab

r
: (8)

In free space, the wave impedance Z0 is calculated as
follows23:

Z0 ¼
ffiffiffiffiffi
l0
e0

r
: (9)

The wave impedance within the dielectric sample is23:

Zsample ¼
ffiffiffiffiffiffiffiffiffi
l0
e0er0

r
: (10)

The electric field propagation within the air is governed
by the propagation constant.

jair ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2e0l0f

p
; (11)

where f is the frequency of the microwave radiations. For the
particular case of 1D propagation within semi-infinite media,
the cutoff frequency is zero.

The reflection factor between an incident electromagnetic
wave and a dielectric sample is defined as24:

RF ¼ Preflected

Pin

: (12)

The incident electromagnetic wave is uniform along x axis
(1D propagation). To our knowledge, no appropriate rela-

tionships are available in the literature to determine the
wave reflection factor as a function of sample lengths and
dielectric properties.

Thus, the wave reflection factor between the air and the
sample is computed from the numerical resolution of Max-
well’s equations. The reflection factor is obtained by numeri-
cal integrations of the reflected power at left side with
respect to the incident power coming from the microwave
generator.

RF ¼

R
port

Ec � E1ð Þ:E�
1

� �
dSR

port

E1:E
�
1

� �
dS

0
B@

1
CA

2

; (13)

where Ec is the computed electric field on the excitation port at
left side (z ¼ �1). Ec represents the total electric field
(excitation plus the reflected field) and E1 is the electric field
pattern on excitation port.

Under certain operating conditions, classical relations are
available in the literature to determine the reflection factor
between the air and a dielectric medium.22,23,25,26 These rela-
tions are limited to uniform plane electromagnetic waves
within semi-infinite mediums sufficiently thick and sur-
rounded by zero dielectric losses.25

RF ¼ 1� 16p2

k0km 4p2 1
k0
þ 1

km

� �2
þ 1

Dp
2

� � : (14)

In Eq. 14, k0 is the wavelength in free space and km is the
wavelength within the dielectric medium, which depends on
dielectric properties.18

k0 ¼ C0

f
(15)

km ¼ C0

ffiffiffi
2

p

f
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
er02 þ er002

p þ er0
� 	1=2 : (16)

Microwave penetration depth relative to the electric field
is the distance at which the electric field strength decays of
1/e of its original value at the surface. Mathematically, the
electric field penetration depth depends on dielectric proper-
ties of the product.27

Dp ¼ C0ffiffiffi
2

p
pf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
er02 þ er002

p � er0
� 	1=2 : (17)

If e00 � e0, Eq. 14 can be simplified and the reflection fac-
tor reduces to the following equation by only taking into
account dielectric properties values26:

RF ¼
ffiffiffiffiffi
er0

p � 1ffiffiffiffi
er

p 0 þ 1

 !2

: (18)

At the interface between air surrounding medium and the
dielectric sample (z ¼ 0 and z ¼ L), the electric field is
continuous.

Figure 1. Model design for 1D and 2D configurations.
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At the right side of the sample (z ¼ L), the resulting elec-
tromagnetic wave propagates without any reflection.

Mathematically, initial and boundary conditions can be
written as:

E ¼ 0 at t ¼ 0; 8x y z
Ein ¼ E0 at z ¼ �1; 8x
n� Hair �Hsample

� � ¼ 0 at z ¼ 0; z ¼ L; 8x
n�H ¼ 0 at x ¼ 0; x ¼ a; 8z

8>><
>>: : (19)

Microwave Propagation Within 2D Rectangular Wave-
guide. Assuming microwave propagation in TE10 funda-
mental mode, the incident electric field is nonuniform within
the (xOy) plane (Figure 2).

For microwave propagation in z direction, the develop-
ment of Eq. 5 shows that the electric field distribution does
not depend on y coordinates regarding the shape of the inci-
dent electric field. Thus, the electric field is contained within
the (xOy) plane with only one component Ey.

Equation 5 can be written as follows:

@2Ey

@x2
þ @2Ey

@y2
þ @2Ey

@z2

� �
þ x2l0e0erEy ¼ 0: (20)

In the transversal plane (xOy), a plane electromagnetic
wave is considered with no variations along y direction. As
a result, q2Ey/qy

2 ¼ 0.
The term q2Ey/qx

2 represents the variations of the electric
field strength along the large edge of the rectangular wave-
guide. The incident electric field is a parametric function
along x direction and microwave propagation occurs along z
direction. Thus, Eq. 20 can be simplified as follows:

@2Ey

@x2
þ @2Ey

@z2

� �
þ x2l0e0erEy ¼ 0: (21)

Initial and boundary conditions: Walls of the waveguide
are perfect electric conductors. The left surface of the sam-
ple is exposed to an incident electromagnetic wave.

In TE10 mode, considering a rectangular guide filled by a
homogeneous dielectric sample, the incident electric field is
straightforwardly obtained from the resolution of Maxwell’s

equations. The microwave incident power flux can be
expressed from the power of the microwave generator. For a
sinusoidal wave in TE10 mode, the microwave power flux is
calculated using the following expression28:

F0 x; z ¼ �1ð Þ ¼ Pin

ab
sin2

px
a

� �
: (22)

The amplitude of the incident electric field along x axis is
calculated in air surrounding medium using the following
relation:

Ein x; z ¼ �1ð Þ ¼ E0 sin
px
a

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ZTE 0Pin

ab

r
sin

px
a

� �
: (23)

Within a rectangular wave guide in fundamental TE10 mode,
ZTE 0 is the wave impedance in air surrounding medium14,29:

ZTE0 ¼ kg0
k0

ffiffiffiffiffi
l0
e0

r
; (24)

where kg0 is the wavelength within the rectangular wave-
guide30:

kg0 ¼ k0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k0

kc

� �2r : (25)

In the typical case of the fundamental TE10 mode, the cut-
off wavelength kc is 2a. In TE10 mode, at 2.45 � 109 Hz,
the cutoff frequency is 1.73 � 109 Hz. This leads to the fol-
lowing propagation constant in air surrounding medium.

jair ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2e0l0 f � fcð Þ

p
: (26)

The incident electromagnetic wave is nonuniform along x
axis. As a result, wave reflection between the air and the sur-
face of the product cannot be calculated using analytical
expressions for semi-infinite slabs.25 To avoid this difficulty,
the wave reflection factor between the air and the sample is
determined from the numerical resolution of Maxwell’s
equations (Eq. 13).

In our case, the incidence of the microwave signal is
normal to the left side of the sample. For sufficiently thick
samples, a general relationship allows computing the
wave reflection factor between two mediums of different
permittivity.23,24

RF ¼ ZTE sample � ZTE 0

ZTE sample þ ZTE 0

� �2

(27)

For a waveguide configuration, the wave impedance Z is
calculated in both air and dielectric medium. By analogy
with Eq. 24, the wave impedance within the dielectric sam-
ple is calculated as follows:

ZTE sample ¼ kg sample

km

ffiffiffiffiffiffiffiffiffi
l0
e0er0

r
; (28)

where the guided wavelength kg within the sample is
calculated by replacing k0 by km in Eq. 24.

At the end of the rectangular waveguide, the resulting
electromagnetic wave exits the guide without any reflection.

Figure 2. Schematic representation of microwave pro-
pagation within 2D rectangular waveguide.
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Mathematically, the initial and boundary conditions can be
written as:

E ¼ 0 at t ¼ 0; 8xyz
Ein ¼ E0 sin

px
a

� �
at z ¼ �1; 8x

n� Hair �Hsample

� � ¼ 0 at z ¼ 0; z ¼ L; 8x
Eyt ¼ 0 at x ¼ 0; x ¼ a; 8z

8>>><
>>>:

: (29)

Microwave power calculation

From Maxwell’s Equations. The Poynting vector is used
to quantify the amount of power dissipated by dielectric
losses within a medium. This vector represents the energy
carried by the electromagnetic wave.

P tð Þ ¼ E tð Þ �H tð Þ (30)

From the Poynting vector, the absorbed power by unit vol-
ume can be calculated from the local electric field
strength17,31,32:

Q ¼ 1

2
xe0e

00E2: (31)

The resolution of Maxwell’s equations leads to the local
electric field amplitude within the computational domain and
it allows calculating the heat generation term because of
microwaves.

From Closed-Form Expressions. Equation 31 clearly
shows the strong dependence of the absorbed power on the
electric field strength within the sample.17,18

Microwave propagation equations in air surrounding
medium and dielectric sample can be written as a linear
combination of transmitted and reflected waves propagating
in opposite directions.18

Ey;air ¼ Et;aire
jjairzþ Er;aire

�jjairz z 2 �1; 0f g
Ey;sample ¼ Et;samplee

jjsamplezþ Er;samplee
�jjsamplez z 2 0;Lf g

Ey;air ¼ Et;aire
jjairzþ Er;aire

�jjairz z 2 L;1f g
;

(32)

where Et and Er are the coefficients of transmission and
reflection, respectively.

Closed-form relationships were developed by Bhattacharya
and Basak,17,18 and the resulting expressions lead to the
absorbed power distribution within the sample.

Within the following mathematical development, micro-
wave left side incidence is only considered and the closed-
form relationships are based on the following assumptions:
• The initial work from Bhattacharya and Basak17,18 is

valid for a semi-infinite slab of length L exposed to uniform
plane microwave radiations with normal incidence at the left
side (Figure 1).
• Dielectric properties are constant on the working tem-

perature range.
• The surrounding medium at left and right sides of the

product is considered to have zero dielectric loss. This state-
ment is true if the free space is occupied by air whose
dielectric properties are very close to vacuum.

The closed-form expressions are useful to predict the heat
source term as it can be directly obtained from the incident
electric field at left side of the sample. The closed-form sol-

utions developed by Bhattacharya and Basak are based on
two length scales, which govern the microwave power for-
mulation. Namely, the two governing parameters are the
sample length and the penetration depth of microwaves
within the sample.

z0 is defined as a dimensionless coordinate, normalized by
half thickness of the sample.

z0 ¼ 2z

L
(33)

The relationship that links the penetration depth to the
wavelength within the dielectric medium leads to the propa-
gation constant within the sample.17

ji ¼ jia þ jjib ¼ 2p
ki

þ j
1

Dp

� �
i

(34)

The general expression, ji ¼ jia þ jjib defines the propa-
gation constant into i medium.
• i ¼ 1 for surrounding medium at left side (air)
• i ¼ 2 for dielectric medium (sample)
• i ¼ 3 for surrounding medium at right side (air).
Microwave power exhibits three distinct regimes depend-

ing on the relative magnitude of the two previous lengths
scale.
• If L � Dp, the absorbed power within the sample is

governed by a decreasing exponential law from left to right
side of the product («thick sample asymptote» or «Lambert’
law»). For a left side incidence, the microwave absorbed
power within the sample is calculated from the following
expression18:

Q ¼ 4pf e0e2
00 j1j j2e j1b�j2bð ÞLe�j2bLz0E2

in

j1j j2þ j2j j2þ2dR12
(35)

• If 0 \ L � lmin, with lmin � min km
2p ;Dp

� �
, hence micro-

wave absorbed power is uniform into the sample («thin sam-
ple asymptote»). This regime is valid for very thin samples
and no more mathematical details will be given in this arti-
cle.
• If Dp � L � lmin, the power profile depends on the ra-

tio of the penetration depth and the wavelength within the
dielectric medium. The regime is called resonant and micro-
wave absorbed power exhibits minima and maxima at differ-
ent locations of the product along the propagation direction.
The microwave absorbed power is calculated from the fol-
lowing relationship17:

Q ¼ 8pf e200j20
C0

� C�

Cd
� F0 (36)

The closed-form solutions are obtained from Maxwell’s
equations.2,18 From the closed-form expressions, the incident
electric field at left side is the only needed variable to com-
pute the heat source term within the sample. In this case, the
wave reflection factor between air surrounding medium and
the product does not need to be calculated.
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The purpose of this study is to extend those solutions to
2D configuration problems where the incident electric field
is nonuniform along the large edge of a rectangular wave-
guide in fundamental TE10 mode.

Materials and Methods

The computational scheme

For 1D configuration problems, closed-form relationships
and numerical results are tested to determine the microwave
absorbed power. First, 1D’s numerical simulations are
performed using Maxwell’s equations approach. Numerical
solutions are obtained using a finite element code,
COMSOL

VR
3.3. Numerical results are compared with closed-

form relationships dedicated to microwave power17,18 to
validate the simulations for semi-infinite slabs.

Then, the study is extended to a 2D configuration problem
where the incident electric field is nonuniform along the left
side of the sample (TE10 fundamental mode). The 2D simu-
lation results were previously validated with experimental
measurements during 2D microwave heating in rectangular
waveguide.5 Numerical results are compared with the
closed-form expressions by taking into account the nonuni-
formity of the incident electric field along the left side of the
sample. Thus, for the 2D modeling, mathematical expres-
sions of the initial closed-form solutions17,18 are not modi-
fied. The 2D semianalytical model can be represented as
multiple wave propagations along z direction with a para-
metric function of incident electric field along x direction
(Figure 2).

Low and high dielectrics are chosen as testing materials
during calculations, respectively, oil and water. Each of
those two dielectric materials illustrates extreme cases with
products having, respectively, low and high dielectric proper-
ties. Table 1 presents thermophysical and dielectric proper-
ties values for the two tested materials. Data for oil and
water are taken from Barringer et al.25

For both 1D and 2D configurations, a parametric study is
performed using the numerical simulation and the closed-
form expressions. An original numerical procedure is used to
modify both numbers of mesh elements and sample lengths
at each computational step. This procedure allows evaluating
the geometrical impact on the absorbed power profile within
the sample.

First, initial parameters such as temperature, microwave
input power, and sample length are fixed. Then, simulations
are performed separately by choosing each of the two dielec-
tric materials, that is, oil or water associated with their
dielectric properties. Microwave absorbed power is com-

puted using both approaches, that is, numerical vs. closed-
form expressions for 1D and 2D configurations. At each
computational step, initial sample length is increased by 1
mm. The computation lasts until the sample length reaches
103 mm, which is a compromise between accuracy and
memory requirement. The computational scheme is detailed
in Figure 3.

The 1D and 2D numerical approaches consist in solving
the Maxwell’s equations using COMSOL

VR
, release 3.3, (Ra-

dio Frequency module). COMSOL
VR

uses Galerkin finite
element method as numerical technique to solve problems
described by systems of partial differential equations. The
geometry consists of one rectangular sample surrounded by
two air layers located at left and right sides of the sample,
respectively. Regarding the simplicity of the geometry, the
quadrangle element was used as the basic element type for
the mesh. The grid independence of numerical results is
determined by using a quality criterion for the mesh. This
criterion is based on aspect ratio, which means that aniso-
tropic elements can get a low quality measure even though
the element shape is reasonable. For a quadrangle element,
the element quality of a quadrilateral is defined as follows:

q ¼ 4A

l21 þ l22 þ l23 þ l24
(37)

where A is the surface of the quadrilateral and l1–l4 are the side
lengths. The value of q is a number between 0 and 1, which
depends on the element quality. Note that for a square the best
element quality is 1.

Numerical tests were performed to obtain the mesh inde-
pendence and, in our case, results reveal that the minimum
element quality is qmin ¼ 0.87. This value is a good

Table 1. Thermophysical and Dielectric Properties
for Oil and Water

25

Oil Water

Density, q (kg m�3) 900 1000
Specific heat, Cp (J kg

�1 K�1) 2000 4190
Thermal conductivity, k (W m�1 K�1) 0.168 0.609
Dielectric constant, er0 (2450 MHz) 2 79.5
Dielectric loss factor, er" (2450 MHz) 0.15 9.6
Electric field penetration depth, Dp (cm) 36.8 3.6
Wavelength within sample, km (cm) 8.64 1.37

Figure 3. Computational scheme.
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compromise between accuracy and computational time dur-
ing numerical simulations. Hence, the mesh is adapted to the
sample size by respecting the minimum element quality
(Figure 4). The number of quadrangle elements within air
surrounding medium does not influence the numerical
results. To reduce the computational times, the air layer is
modeled with the finest thickness.

The 1D and 2D problems with the closed-form expres-
sions are solved analytically by using the mathematical
expressions depending on the microwave power regime (res-
onant or exponential).

Results and Discussions

Microwave absorbed power

The first part of the study compares closed-form expres-
sions and numerical simulations for a semi-infinite slab (1D
configuration). Then, closed-form relationships are extended
to a 2D waveguide configuration where the electric field is
nonuniform along the left side of the sample (TE10 mode).
Two-dimensional semianalytical results obtained from
closed-form expressions are compared with 2D numerical
simulations to see if whether or not results are different. For
all calculations, the input parameters are fixed to the follow-
ing values:

Pin

ab
¼ 3� 104W=m2

L0 ¼ 4mm DL ¼ 1mm Lf ¼ 103mm

Results for Water Sample. Microwave penetration depth
for water equals 36.3 mm according to Eq. 17. Water
behaves like a high dielectric material regarding its dielectric
properties values. Thus, there is a strong interaction between

the electromagnetic wave and the sample. According to
Bhattacharya and Basak,18 the resonating regime is predomi-
nant for sample length ranging from lmin ¼ 2 � 10�3 m to
Dp ¼ 0.036 m. The Lambert’s exponential decay law is valid
for sample length much bigger than Dp ¼ 0.036 m.
1D configuration: In Figure 5, the numerical simulation
allows computing the wave reflection factor between the
air and the sample for sample length ranging from 4 to
103 mm.

In resonating regime, the reflection factor is characterized
by huge variations as sample length increases. For 4-mm
sample depth, almost 90% of the microwave input power is
reflected at the interface between the air and the sample. On
the contrary, for 7-mm-depth sample, reflection factor is

Figure 4. Example of mesh adaptation as a function of sample length.

Figure 5. Reflection factor from 1D numerical simula-
tion as a function of sample length for water.
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only 22%. The heating rate is therefore enhanced for 7-mm
compared with 4-mm sample length.

In resonating regime, the numerical simulation shows that
reflection factor does not only depend on dielectric proper-
ties but also on sample length. The variations are more and
more attenuated as sample length increases.

The global variation of the reflection factor is character-
ized by a damping wave, which tends to stabilize as sample
length increases. For a sample length bigger than 85 mm,
the reflection factor reaches an asymptote.

Let us consider a water sample sufficiently thick to avoid
the effect of multiple wave reflections within the product
(thick sample regime). For a uniform plane electromagnetic
wave with normal incidence, the reflection factor at air–
water interface is 63% (Eq. 14). This value is confirmed
with 1D numerical simulation when the reflection factor
value reaches a constant.

Figures 6 and 7 display the microwave absorbed power
within water sample along the propagation direction z of
microwaves. Microwave incidence occurs at left side of the
sample. Specific sample lengths are chosen as a function of
picks and valleys of reflection factors (Figure 5). Numerical
results (Eq. 31) are compared with the closed-form expres-
sions (Eqs. 35 and 36).

Figures 6 and 7 clearly show that the closed-form expres-
sions fit well to 1D numerical simulation. Both amplitude

and phase between each sinusoid are exactly the same.
Therefore, 1D numerical simulation is validated with the
closed-form expressions dedicated to microwave power
calculation.

For sample length ranging from 4 to 85 mm, the resonat-
ing regime is well characterized and an oscillating behavior
of microwave power can be observed within the sample.

For 4-mm sample length, the microwave heating rate is
higher at the right side compared with the left side of the
sample. Hence, this phenomenon confirms that sample size
plays an important role in the microwave heating pro-
cess.18,25 When sample size increases from 4 to 7 mm, the
maximum absorbed power rises from �7 � 105 to 4 � 106

W m�3.
In a thermal point of view, minima and maxima of micro-

wave power lead to cold and hot spots within the product.
These heterogeneous heating patterns are characterized by
local microwave power concentrations along the propagation
direction.

For 31-mm depth, five hot spots are noticed regarding
picks of microwave absorbed power within the sample. The
number of heating patterns rises as sample length increases.

For a sample depth bigger than 70 mm, the resonating re-
gime tends to disappear to the benefit of an exponential
decreasing function. According to the previous theoretical
part, the microwave absorbed power follows the Lambert’s

Figure 6. Microwave absorbed power for water (1D), high reflection factors, – numerical simulation -- closed-form
expressions from Bhattacharya and Basak.17,18
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law behavior if sample length is much bigger than the pene-
tration depth value. For 103-mm-thick sample, the sample
length is approximately three times the penetration depth
value and the resonating behavior of microwave power may
be neglected. According to Lambert’s law (thick sample re-
gime), microwave power concentration is located near the
left surface of the product without any resonating behavior
along the propagation direction.
2D configuration: In Figure 8, the 2D numerical simulation
allows computing the wave reflection factors between the air
and the sample for sample lengths ranging from 4 to 103
mm. Although the global profile of the reflection factor is
the same as for 1D simulation, some amplitude differences
are noticed. According to 2D numerical results, the reflection
factors for the tested sample lengths are �10% higher than
for 1D simulation. The lowest reflection factors are obtained
for 7 and 14 mm sample length, respectively, 32 and 50%.

Within a waveguide structure, the reflection factor between
air and water for a thick sample regime is 73% (Eq. 27). This
reflection factor value is confirmed with the numerical simula-
tion for sample length bigger than 85 mm (Figure 8).

Figures 9 and 10 display microwave absorbed power along
a cross section line located at the center of the water sample.
Microwave incidence occurs at the left side of the sample
and the input surface power is max at the center (TE10

mode). The tested sample lengths are chosen from 1D
simulation.

On the whole, Figures 9 and 10 show that the closed-form
expressions fit well to the 2D numerical simulations. The
phase between each sinusoid is well respected for all sample
lengths; however, some amplitude differences are noticed
between both approaches, especially for 7- and 14-mm sam-
ple lengths. Those particular lengths correspond to the low-
est reflection factors, 32 and 50%, respectively. Hence, the

Figure 7. Microwave absorbed power for water (1D), low reflection factors, – numerical simulation -- closed-form
expressions from Bhattacharya and Basak.17,18

Figure 8. Reflection factor from 1D and 2D numerical
simulation as a function of sample length for
water—lmin 5 2 3 1023 m, Dp 5 0.036 m.
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absorbed power computed from the 2D numerical simulation
is slightly higher than the one calculated from the closed-
form expressions. These variations can explain the amplitude
differences between both approaches for 7- and 14-mm sam-
ple depths.

For all other sample lengths, the influence of the reflection
factor as a function of sample length is negligible. This leads
to a good correlation between both approaches within a 2D
rectangular waveguide.

The closed-form expressions are a reliable tool to predict
microwave absorbed power within high dielectric materials.
For 1D configuration and various sample lengths, both nu-
merical and closed-form expressions give very similar results
in resonating regime and ‘‘thick sample regime.’’ However,
for 2D configurations, small discrepancies are observed
between both approaches at specific sample lengths. Those
differences are attributed to reflection factor variations as a
function of sample length. On the whole, good agreement is
found between both approaches in 2D configuration for
water sample.

Results for Oil Sample. Microwave penetration depth for
oil sample is 367.7 mm (Eq. 17). This value is �10 times
the penetration depth for water sample. According to Bhatta-
charya and Basak, the resonating regime is predominant for
sample length ranging from lmin ¼ 0.0138 m to Dp ¼ 0.368
m. The Lambert’s exponential decay law is valid for sample
lengths much bigger than Dp ¼ 0.368 m.

Figure 11 displays microwave absorbed power within oil
sample for a 1D microwave propagation. Only three specific
sample lengths are chosen to characterize the oscillating
behavior of microwave power within resonating regime.

Figure 11 clearly shows that the closed-form expressions
for microwave power fit well to the 1D numerical simulation
as explained with high dielectric loss sample. Both ampli-
tude and phase between each sinusoid are exactly the same
for the two approaches.

Figure 12 displays microwave absorbed power within oil
sample for a 2D microwave propagation. For each sample
length and both approaches, the absorbed power does not
correspond. The global shape of the curves is quite close but
amplitude variations and phase shifts are noticed.

In Figure 13, the reflection factor between the air and the
oil sample is computed using 1D and 2D numerical simula-
tions for sample lengths ranging from 4 to 103 mm.

Approximately, 0–20% of the microwave input power is
reflected from the surface of oil sample. Variations are rela-
tively small compared with previous values for the water
sample. In this case, the dielectric medium is more transpar-
ent to microwaves and most of the microwave power is
transmitted through the product.

Reflection factor amplitudes are lower for 1D simulations
compared with 2D simulations. The same observations were
noticed for water sample, but a phase shift is also noticed
for oil sample.

Figure 9. Microwave absorbed power for water (2D), high reflection factors, – numerical simulation -- closed-form
expressions from Bhattacharya and Basak.17,18
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The global shape of the reflection factor shows a wavy
behavior as a function of sample length. The amplitude of
the wave tends to decrease as sample length increases. This
leads to a smaller damping of the reflection factor compared
with the results for water sample. For a sample length much
bigger than the penetration depth, the reflection factor is sup-
posed to reach an asymptote. For oil sample, this value is
predictable. In thick sample regime and for a uniform plane
wave with normal incidence (1D), this asymptote is equal to
3% (Eq. 14). For microwave propagation in guided struc-
tures (2D), the reflection factor at air–oil interface is 7%
(Eq. 27).

Comparison Between 2D Numerical Results. In 2D con-
figuration, the incident electromagnetic wave is nonuniform

along the left surface of the sample. The wave propagation
equation depends on both x and z coordinates according to
Eq. 21:

@2Ey

@x2
þ @2Ey

@z2

� �
þ x2l0e0erEy ¼ 0

The second derivative of electric field q2Ey/qz
2 represents

variations of the electric field along the propagation direction
z, whereas q2Ey/qx

2 quantifies electric field variations along
x direction.

In Figure 14, the second derivatives of the electric field
(q2Ey/qx

2 and q2Ey/qz
2) are plotted on a cross section line

located at the center of the sample along the propagation

Figure 10. Microwave absorbed power for water (2D), low reflection factors, – numerical simulation -- closed-form
expressions from Bhattacharya and Basak.17,18

Figure 11. Microwave absorbed power for oil (1D), – numerical simulation --�closed-form expressions.17,18
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direction z. For both oil and water, the figures illustrate the
relative importance of each term within Eq. 21.

For oil sample, q2Ey/qx
2 and q2Ey/qz

2 are of the same
absolute amplitude. For water, the absolute value of q2Ey/qx

2

is negligible compared with the amplitude of q2Ey/qz
2 (q2Ey/

qz2 [ 100 � q2Ey/qx
2).

For oil sample, differences between 2D numerical simula-
tions and closed-form expressions extended to 2D configura-
tions are explained from the electric field variations along x
direction. This leads to amplitude differences and phase
shifts between absorbed powers from both approaches.

For water, electric field variations along x direction can be
neglected because it does not influence the microwave prop-
agation along z axis. Hence, for a 2D waveguide configura-
tion, the microwave propagation is practically the same as
for a 1D configuration problem in the case of water.

For high dielectric materials, the closed-form expressions
can predict the microwave absorbed power with a good ac-
curacy either in 1D or 2D configurations (TE10 mode). These
observations also show that the closed-form expressions
extended to 2D geometries are not able to predict the
absorbed power within a low dielectric material submitted to
an incident sinusoidal wave.

Thermal behavior of water sample

Two-dimensional microwave heating of water sample is
simulated for 10 s with initial temperature of 300 K. Calcu-
lations are performed on a HPxw4400 Workstation, equipped
with Intel

VR
Pentium dual core processor, at 3.4 GHz, with 3

Go of RAM, running on Windows
VR
XP.

Three temperature probes located within the dielectric ma-
terial are used to follow the thermal behavior of the sample
as a function of time.

T1, T2, and T3 are located at 2.5, 7.5, and 12.5 mm,
respectively, from the left surface of the sample. Their distri-
bution along the waveguide length corresponds to 44, 27,
and 16 mm, respectively (Figure 1).

The heating rate is related to the temperature variations as
a function of time. Mathematically, this parameter is defined
as follows:

Ci ¼ @T

@t

� �
i

(38)

The heat transfer equation is solved numerically using
COMSOL

VR
. Two different simulations are performed where

the heat source term is calculated either from closed-form
expressions or Maxwell’s equations approach (Radio-
frequency module, 2D). Numerical tests are realized by
choosing five sample lengths, respectively, 10, 21, 45, 72,
and 103 mm.

Heating rate is calculated for the three temperature probe
locations and for each sample length. Results are presented
in Table 2 for both approaches.

For all tested sample length, heating rate gives very simi-
lar values. The most discrepancies between both simulations
are noticed for 21-mm sample depth. However, the relative
error is �10% and it can be neglected regarding the strong
influence between the heating rate and the sample length.
Consequently, both closed-form expressions and Maxwell’s
equations approach can predict the thermal behavior of the
sample with a good accuracy during 2D microwave heating.

During numerical simulations, computational time plays
an important role for the prediction of the thermal behavior
of water sample. For a given sample length, the elapsed time
is recorded at the end of each numerical simulation.

For both numerical simulations with the two different heat
source terms, the computational time increases as a function
of sample length (Figure 15). This computational time
demand is primarily due to the increase of mesh elements
within the 2D geometry. For sample length close to 85 mm,
the numerical results show that computational time tends to

Figure 13. Reflection factor from 1D and 2D numerical
simulation as a function of sample length
for oil—lmin 5 0.0138 m, Dp 5 0.368 m.

Figure 12. Microwave absorbed power for oil (2D), – numerical simulation -- closed-form expressions.17,18
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decrease. This phenomenon is primarily due to the mesh ad-
aptation, which is performed during the numerical computa-
tion. For sufficiently thick samples, the mesh density in air
surrounding medium can be decreased to save computational
resources. This adaptation has no effect on the numerical
results.

According to our computational resources, the simulation

time using Maxwell’s equations approach is much bigger

than the one from the closed-form relationships. The closed-

form relations as a heat source term are able to make a real-

time prediction of the temperature rise within the 2D sample.

Hence, the best solution is to model 2D microwave heating

of high dielectric materials with the closed-form expressions

instead of the numerical resolution of Maxwell’s equations.

The coupling between the heat transfer equation and the

closed-form expressions does not require the local electric

field computation, i.e., saving of computational time.

Conclusions

Modeling microwave heating is a complex and difficult
task as shown by the previous numerical and analytical
investigations. This work proposes an extensive study on the
influence of the reflection factor value as a function of sam-
ple length. Results show quantitatively that sample length
plays an important role during the microwave heating pro-
cess as it can completely change the heating rate within the
sample. This study also compares two different approaches
dedicated to microwave power calculation. The first one con-
sists in solving numerically the Maxwell’s equations using a
finite element scheme. The second approach deals with pre-
defined closed-form expressions for microwave power calcu-
lation. For 1D configuration problems, results show a very
good agreement between both approaches for low and high
dielectric materials. The closed-form solutions were initially
developed for 1D configuration problems. The originality of

Table 2. Heating Rate as a Function of Sample Length for the Three Temperature Probes

T1 T2 T3

Closed-Form Numerical Closed-Form Numerical Closed-Form Numerical

L ¼ 10 mm 10	C min�1 10.5	C min�1 3	C min�1 3	C min�1

L ¼ 21 mm 15.5	C min�1 17	C min�1 13	C min�1 15	C min�1 3.5	C min�1 4	C min�1

L ¼ 45 mm 10	C min�1 10	C min�1 4.5	C min�1 4.5	C min�1 2	C min�1 2	C min�1

L ¼ 72 mm 10.5	C min�1 11	C min�1 5.5	C min�1 5.5	C min�1 2	C min�1 2	C min�1

L ¼ 103 mm 10.5	C min�1 11	C min�1 5.5	C min�1 6	C min�1 2	C min�1 2	C min�1

Figure 14. Second derivatives of the electric field for oil and water.
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this work consists in extending those expressions to 2D con-
figuration problems and to compare results with 2D numeri-
cal simulation. Thus, for microwave propagation within
waveguide structures (2D), closed-form relationships can
only be used to predict the microwave absorbed power
within high dielectric materials.

According to this analytical approach, both incident elec-
tromagnetic field and dielectric properties are the only
needed variables to determine the heat source term. Thus,
the local electric field strength is not necessary and the heat
transfer equation remains the only equation to solve, that is,
computational time is reduced.

As a consequence, the closed-form relationships are par-
ticularly useful to obtain a quick cartography of the local
temperature inside a food sample during 2D microwave heat-
ing in TE10 fundamental mode. For 2D high dielectric mate-
rials, closed-form relationships for microwave power calcula-
tion are a promising tool to implement real time control
laws dedicated to microwave heating.

Notation

Roman letters

a, b ¼ dimensions of the waveguide, m
A ¼ surface of the quadrilateral mesh, m2

B ¼ magnetic induction, N s C�1 m�1

C0 ¼ velocity of light in vacuum, m s�1

Cp ¼ specific heat capacity, J kg�1 K�1

Dp ¼ penetration depth of the microwaves, m
D ¼ electric displacement, C m�2

E ¼ local electric field amplitude, V m�1

E0 ¼ maximum amplitude of the incident electric field at left
side, V m�1

Ein ¼ incident electric field at left side, V m�1

Ec ¼ total electric field strength on excitation port
E1 ¼ electric field pattern on excitation port 1
f ¼ frequency of the electromagnetic wave, Hz
fc ¼ cutoff frequency, Hz
F0 ¼ incident microwave power flux at left side, W m�2

h ¼ convective heat transfer coefficient, W m�2 K�1

H ¼ magnetic field intensity, A m�1

J ¼ current flux, A m�2

k ¼ thermal conductivity, W m�1 K�1

lmin ¼ upper bound limit for thin sample asymptote, m

L ¼ thickness of the sample, m
l1…l4 ¼ side lengths for the quadrangle mesh, m

Pin ¼ incident microwave power, W
Preflected ¼ reflected microwave power, W

P(t) ¼ Poynting vector in the time domain
Q ¼ volumetric heat generation term, W m�3

S ¼ left surface of the sample, m2

T ¼ temperature, K
T0 ¼ initial temperature of product, K
T1 ¼ external temperature, K

x, y, z ¼ spatial coordinates, m
Z0 ¼ free space impedance of electromagnetic wave, X

ZTE 0 ¼ impedance of electromagnetic wave within air in
waveguide, X

Zsample ¼ impedance of electromagnetic wave within semi-infinite
sample, X

ZTE sample ¼ impedance of electromagnetic wave within sample in
waveguide, X.

Greek letters

k0 ¼ free space wavelength, m
kc ¼ cutoff wavelength, m
kg0 ¼ guided wavelength, m
km ¼ wavelength within dielectric medium, m
ji ¼ complex propagation constant within ith medium
jia ¼ real part of ji, m

�1

jib ¼ imaginary part of ji, m
�1

x ¼ pulsation of the microwave radiation, rad s�1

l ¼ magnetic permeability of the material, H m�1

l0 ¼ magnetic permeability of vacuum (1.256 � 10�6 H m�1)
e0 ¼ permittivity of vacuum (8.85 � 10�12 F m�1)
er ¼ complex permittivity (dimensionless)
er0 ¼ relative dielectric constant (dimensionless)
er00 ¼ relative dielectric loss factor (dimensionless).
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Appendix

Analytical Expressions Dedicated to Microwave
Power Calculation

The following expressions are needed to compute the
microwave absorbed power within the sample for both thick
sample regime and resonating regime.

ji ¼ jia þ jjib ¼ 2p
ki

þ j
1

Dp

� �
i

p ¼ j1a
j2a

n ¼ j2b
j2a

dRij ¼ jiajja þ jibjjb i; j ¼ 1; 2; 3;

C� ¼ c1 cos j2aL 1� z0Þð Þð Þ þ c2 cos h j2bL 1� z0Þð Þð Þ
þ c3 sin j2aL 1� z0Þð Þð Þ þ c4 sin h j2bL 1� z0Þð Þð Þ

Cd ¼ c23 � c21
� �

cos 2j2aLð Þ þ c22 þ c24
� �

cos h 2j2bLð Þ
� 2c1c3 sin 2j2aLð Þ þ 2c2c4 sin h 2j2bLð Þ

c1 ¼ j22a þ j22b � j20
c2 ¼ k22a þ j22b þ j20
c3 ¼ �2j0j2b
c4 ¼ 2j0j2a
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